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In a wide class of three-dimensional Abelian gauge theories with a bare Chern-Simons
term, the Lorentz invariance is spontaneously broken by dynamical generation of a non-
vanishing magnetic field. A detailed computation of an energy density of the true vacuum
is given. The originally massive photon becomes massless, fulfilling the role of a Nambu-
Goldstone boson associated with the spontaneous breaking of the Lorentz invariance.
Gauge theory in (2+1)-dimensions is rich. A decade ago it was shown that in a general
QED model a Chern-Simons term is generated by radiative corrections so that a photon
becomes topologically massive.1 It also has been argued, by both analytical and numerical
methods, that in a T-symmetric QED chiral symmetry is dynamically broken.2,3
In this paper we would like to show that in a wide class of Abelian gauge theories with
a bare Chern-Simons term it is energetically favored to generate a magnetic field, thus the
Lorentz invariance being spontaneously broken. The true vacuum is a Hall liquid of fermions.
A photon becomes massless, fulfilling the role of a Nambu-Goldstone boson. The model is
important in describing electron systems on a two-dimensional lattice near half filling.4
The mechanism of dynamical generation of a magnetic field is important in non-relativistic
context as well, particularly in the fractional quantum Hall effect.5
Consider
L =− 1
4
FµνF
µν − κ
2
εµνρAµ∂νAρ
+
∑
a
1
2
[ψ
−
a , (γ
µ
a (i∂µ + qaAµ)−ma)ψa ] .
(1)
Here ψa is a two-component Dirac spinor. In (2+1)-dimensions there are two kinds of
spinors, corresponding to the signature of two-dimensional Dirac matrices
ηa =
i
2
Tr γ0aγ
1
aγ
2
a = ±1 . (2)
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We shall take a representation γµa = (ηaσ3, iσ1, iσ2) where σj ’s are Pauli matrices. The
model is invariant under charge conjugation. Further, the transformation ma → −ma is
equivalent to the transformation γµa → −γµa or ηa → −ηa. Hence one can take qa > 0 and
ma > 0 without loss of generality.
Suppose that a magnetic field B is spontaneously generated. We split Aµ = A
(0)
µ +A
(1)
µ
where Aµ(0) = −Bx2 δµ1. The Dirac equation in the presence of a constant magnetic field
is exactly solved.6 Energy eigenvalues are
E2 = ω2n , ωn =
√
m2 +
2n
l2
(n = 0, 1, 2, · · ·) (3)
where l is the magnetic length: 1/l2 = |qB|. We have suppressed the species index a.
There is asymmetry in the lowest Landau level (n=0). Depending on the signs of η and
qB, either positive or negative energy states exsit. For instance, for η = + and qB > 0,
eigenfunctions are
u0p =
1
(lL1)1/2
e−iω0t−ikx1
[
v0(ξ)
0
]
unp =
1
(lL1)1/2
e−iωnt−ikx1
1√
2ωn
[ √
ωn +m vn(ξ)
−i√ωn −m vn−1(ξ)
]
(n ≥ 1)
wnp =
1
(lL1)1/2
e+iωnt−ikx1
1√
2ωn
[ √
ωn −m vn(ξ)
+i
√
ωn +m vn−1(ξ)
]
(n ≥ 1)
(4)
Here k=2πp/L1 and ξ=(x2/l)−kl where p is an integer. vn(z)=(−1)n2−n/2π−1/4(n!)−1/2
ez
2/2(dne−z
2
/dzn) is the n-th eigenfunction in the harmonic oscillator problem. We have
adopted a periodic boundary condition in the x1-direction, understanding the L1 →∞ limit
at the end. The spatial part of the wave function of the n=0 mode is independent of mass
m.7
Solutions for qB<0 are obtained by charge conjugation, namely by {uc(x) = Ucu¯(x)t,
wc(x)} where Uc = γ2. Solutions for η = − are obtained by the transformation t→ −t from
the corresponding ones in the η = + case.
In the expansion of ψ(x) one associates annihilation (creation) operators for positive
(negative) energy solutions. For instance, for η = +,
ψ(x) =
∑
np
anp
{
unp(x)
wcnp(x)
}
+
∑
np
b†np
{
wnp(x)
ucnp(x)
}
for
{
qB > 0
qB < 0
(5)
with normal anticommutation relations among {anp, bnp}. The summation over n runs from
0 or 1 for the unp or wnp term, respectively.
In the massless limit the perturbative ground state with B 6= 0 is infinitely degenerate.
As ω0=0, it costs no energy to put a fermion in the lowest Landau level. The degeneracy is
lifted by radiative corrections. In this paper we consider two typical states, for sufficiently
small masses, with the lowest Landau level in each speceis being empty (ν = 0) or completely
filled (ν = 1). The case of fractional filling will be examined in a separate paper. It will
be found that a state of the mixture of ν = 0 and ν = 1 among various speceis has a lower
energy than the perturbative vaccum with B = 0.
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The charge Q =
∫
d2x 12 q [ψ
†, ψ] is found, by inserting (5), to be
Q = q
∑
p
{
a†0pa0p − 12
−b†0pb0p + 12
}
+ q
∞∑
n=1
∑
p
(a†npanp − b†npbnp) . (6)
Here the upper and lower components correspond to η ǫ(B) > 0 and < 0, respectively.
The time component of ∂νF
νµ − κ εµνρ∂νAρ = jµ and the relation (6) imply that
κB = 〈 j0 〉 =
∑
a
ηa ǫ(B) qa(νa − 12 ) ·
qa|B|
2π
. (7)
Hence for B 6= 0
κ =
1
2π
∑
a
ηaq
2
a (νa − 12 ) . (8)
This necessary condition, as is shown below, is related to the Nambu-Goldstone theorem.
The value of B is to be determined by minimizing the energy density.
We need to compare the energy density of the perturbative vacuum with B = 0, E0(e),
with that of the non-perturbative vacuum, E(e; qaB, νa). Here we have collectively char-
acterised the interaction coupling A
(1)
µ jµ by e, supposing that all qa’s in the fluctuation
part are proportional to e. Fermions couple to a dynamically generated magnetic field in
the combination qaB so that the energy density in the nonperturbative vacuum may be
regarded as a function of e, {qaB}, and filling factors {νa}.
It is beneficial to compare these energy densities with the corresponding ones when the
fluctuation coupling e is turned off, while {qaB} kept fixed. We write
∆E =E(e; qaB, νa)− E0(e)
=
{
E(e; qaB, νa)− E(0; qaB, νa)
}
−
{
E0(e)− E0(0)
}
+
{
E(0; qaB, νa)− E0(0)
}
≡∆E(1) −∆E(2) +∆E(3)
(9)
∆E(3) is the difference in energy densities in the “free” (e=0) theories. It is easy to see
∆E(3) = 1
2
B2 +
∑
a
1
25/2π2
ζ(32 ) |qaB|3/2 (10)
in the massless fermion limit. The first term is the Maxwell energy, whereas the second
comes from the shift in zero point energies of fermions. ∆E(3) is always minimized at B = 0.
∆E(1) and ∆E(2) represent the shift in energy densities when the fluctuation interaction
A
(1)
µ jµ is turned on. We employ an exact formula8
∆E(1) = i
∫ e
0
de
e
∫
d3p
(2π)3
trD−10 (p){D(p ; qaB, νa)−D0(p)} . (11)
Here Dµν0 (p) and D
µν(p ; qaB, νa) are the bare and full photon propagators in the nonper-
turbative vacuum. The trace is taken over Lorentz indices. For ∆E(2), D(p ; qaB, νa) is
replaced by D(p ;B = 0). D0(p), independent of B, is given by
Dµν0 (p) =
1
p2 − κ2
{
gµν − κ2 p
µpν
(p2)2
− iκ εµνρ pρ
p2
}
. (12)
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D is related to one-particle irreducible diagrams, Γ, by D−1 = D−10 − Γ. The rotational
invariance and current conservation imply that9
Γ00 = ~p 2Π0
Γ0j = p0pjΠ0 − iǫjkpkΠ1
Γj0 = p0pjΠ0 + iǫ
jkpkΠ1
Γjk = δjkp20Π0 + iǫ
jkp0Π1 − (~p 2δjk − pjpk)Π2
(13)
All Πj ’s are functions of |p0| and |~p |. (Here pj ≡ pj)
If Γ(p) is approximated by O(e2) diagrams, then the integration over e in (11) can be
trivially performed, yielding
∆E(1) −∆E(2) = − i
2
∫
d3p
(2π)3
{
tr ln (1− Γ(2)D0)|qB,ν − (B → 0)
}
= − i
2
∫
d3p
(2π)3
ln
(1 + Π0)
{
1 +
1
p2
(p20Π0 − ~p 2Π2)
}
− 1
p2
(κ−Π1)2
(B → 0) .
(14)
If Πj(p) is further approximated by Πj(0), then the above formula reduces to the one-loop
effective action. However, we shall see below that it is absolutely necessary and crucial to
take full account of the momentum dependence.
To find Πj , we need a fermion propagator, S(x, y) = −i〈T [ψ(x)ψ−(y)] 〉, in the nonper-
turbative vacuum. First we note that
S(x, y)B>0 = e
−i(x1−y1)(x2+y2)/2l
2 · S0(x− y) ,
S0(p)η=− = S0(−p0, ~p )η=+ ,
S(x, y)B<0 = UcS(y, x)
t
B>0U
†
c ,
(15)
which follows from (4) and (5). It is straightforward to see10 that
S0(p)
η=+
ν=0 = −il2
∫ ∞
0
dt (cos t)−1 ei(p
2
0−m
2+iǫ)l2t−i~p 2l2 tan t
×
[
(m+ p0)e
it −i(p1 − ip2)(cos t)−1
−i(p1 + ip2)(cos t)−1 (m− p0)e−it
]
S0(p)
η=+
ν=1 = S0(p)
η=+
ν=0 + 4πi e
−~p 2l2 δ(p0 −m)
[
1 0
0 0
]
.
(16)
In the B → 0 (l→∞) limit, S0(p) reduces to (pγ −m+ iǫ)−1.
Γ(2)µν(p) is given by
Γ(2)µν(p) = iq2
∫
d3k
(2π)3
tr γµS0(k)γ
νS0(k − p) . (17)
To O(e2) a contribution from each fermion adds up to the total Πj . An immediate conse-
quence of (13), (15), and (17) is, for each fermion loop,
Πη=−j = ±Πη=+j for
{
j = 0, 2
j = 1
ΠB<0j = Π
B>0
j .
(18)
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The Π0 and Π2 parts of the integral (17) contain linear divergences, which need to be
regularized. We employ the invariant Pauli-Villars regularization, i.e. for each fermion loop
with either η=+ or −, we associate two regulator fields of η=+ and −, with equal weight,
and let the regulator masses go to ∞ at the end.11 Divergent parts are independent of a
mass m and magnetic field B. Straightforward manipulations lead to

 Π0Π1
p20Π0 − ~p 2Π2


η=+,ν=0
=
q2leiπ/4
8π3/2
∫ 1
0
dw
∫ ∞
0
ds

 f0f1
f2


× exp
(
i
4
(1 − w2)sp20l2 −
i
2
cosws− cos s
sin s
~p 2l2 − im2l2s− ǫs
) (19)
where
f0 =
s1/2
sin s
(
1 +
cos s
sin s
d
ds
)
(cosws− cos s)
f1 = −2ms
1/2
sin s
cosws
f2 = −s1/2 d
ds
( sinws
sin s
)
· (wp20 −
sinws
sin s
~p 2) +
s1/2 cosws
sin s
(1 − w2)p20
− s
1/2
sin s
( 1
sin s
+ cosws
d
ds
)(cosws− cos s
sin s
)
· ~p 2 .
(20)
For ν = 1

Π0Π1
Π2


η=+
ν=1
=

Π0Π1
Π2


η=+
ν=0
+
q2
π
∫ ∞
0
ds

−(p0)
−1 sin 2mp0l
2s
i cos 2mp0l
2s
0


× exp
(
− 2is+ ip20l2s−
~p 2l2
2
(1− e−2is)− ǫs
)
.
(21)
The induced Chern-Simons coefficient, −Π1 at pµ = 0, can be evaluated exactly.
Π1(0)|B=0 = −η q
2
4π
Π1(0)|B 6=0 = η (ν − 1
2
)
q2
2π
(22)
The sign of Π1(0) flips when the lowest Landau level is filled (ν = 1). We also note that
limm→0Π1(p
2 6=0)|B=0=0 so that two limits m → 0 and p → 0 do not commute with each
other. The necessary condition (8) is expressed as
Π1(0) = κ , (23)
i.e. the bare Chern-Simons term must be exactly cancelled by the induced Chern-Simons
term in order to have B 6= 0.
These functions are not analytic in B. The integrals in the B → 0 (l → ∞) limit
are dominated at small s. Hence behavior at small |B| is found by expanding cos s in the
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exponent and others in Taylor series in s. At B = 0 (19) and (20) reproduce the standard
result:
Π0|B=0 = Π2|B=0 = q
2
8π
1
(−p2)1/2
(√
z + (1 − z) sin−1 1√
1 + z
)
Π1|B=0 = − q
2
4π
√
z sin−1
1√
1 + z
(24)
where z = 4m2/(−p2).
Recalling q|B| = 1/l2, we see that
Πj(p)|B,ν=0 = Πj(p)|B=0 +O(B2) . (25)
When the lowest level is filled,
Π0(p)|B,ν=1 −Π0(p)|B=0 ∼ q
2
2π
1
p0
{ 1
2− p2l2 − 2mp0l2 −
1
2− p2l2 + 2mp0l2
}
Π1(p)|B,ν=1 −Π1(p)|B=0 ∼ η q
2
2π
{ 1
2− p2l2 − 2mp0l2 +
1
2− p2l2 + 2mp0l2
}
.
(26)
Π2|ν=1 = Π2|ν=0 as noted above. For small m a significant correction of O(|B|) arises only
for Π1(p) at ν = 1.
The leading term in (14), and therefore in ∆E in (9), is of order |B|. In a wide class
of models the sign of the coefficient turns out to be negative so that the energy density is
lowered by B 6= 0.
Since the integrand in (14) behaves like ln p2 (or 1/p4) for small (or large) p, the integral
converges. In particular, one can Wick-rotate the p0 integral. Hence in terms of p=(~p, p3 =
−ip0)
∆E(1) −∆E(2) = 1
2
∫
d3p
(2π)3
ln
(1 + Π0)
{
1 +
1
p2
(p23Π0 + ~p
2Π2)
}
+
1
p2
(κ−Π1)2
(B → 0) . (27)
It is in order to give a simple model. Suppose that a system is chirally symmetric, i.e.
there are an equal number of η=+ and − fermions (N+f =N−f =Nf), each pair having the
same mass and charge. Because of (18), Πtot1 (p)|B=0 = 0. If all fermions have the same
charge qa=e, and all η=+ (−) fermions have ν=1 (ν=0), the condition (8) or (23) reads
κ =
e2
2π
Nf . (28)
In the massless fermion limit
Πtot1 (p)
∣∣∣
B 6=0
∼ e
2Nf
2π
2
2 + p2l2
. (29)
Πtot0 and Π
tot
2 are given by 2Nf times the formula in (24) up to O(B
2) corrections.
Hence in the argument of the logarithm in (27), the numerator is always smaller than
the denominator, implying that the energy difference is negative. One finds
∆E = −Nfe
2
2π3
tan−1
4
π
· e|B|+O(|B|3/2) . (30)
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The energy density is minimized at B 6= 0, the Lorentz invariance being spontaneously
broken. The true vacuum is a Hall liquid with ν=1 for η=1 fermions. If κ < 0, the
condition is satisfied by having ν=1 (ν=0) for η=− (+). Although the sign of B is not
determined in this approximation, higher order corrections will lift the degeneracy if κ 6= 0.
As a generalization one can consider a case where κ=(e2/2π)N0 (N0: a positive integer),
N+f =N
−
f =Nf > N0. If N0 fermions of η=+ have ν=1 and all others have ν=0, the two
conditions, (8) and ∆E(B 6= 0) < 0, are satisfied.
In the case of QED, namely with κ = 0, the situation is opposite. If the fermion content is
chirally symmetric so that Πtot1 (p)|B=0=0, then ν=1 fermions give positive contributions of
O(|B|) to ∆E . The energy is minimized at B=0, which is consistent with the assertion that
chiral symmetry is dynamically broken.2,3 If the fermion content is not chirally symmetric,
the sign of an O(|B|) term in ∆E depends on both {νa} and {ma}, and a detailed numerical
evaluation is necessary to determine the sign.
Finally we would like to clarify the relation between the condition (23) and Nambu-
Goldstone theorem. We first note that the location of poles of the photon propagator is
determined by zeros of
detD−1(p) = (p2)2
{
(1 + Π0)(p
2 + p20Π0 − ~p 2Π2)− (κ−Π1)2
}
. (31)
The front factor (p2)2 represents gauge degrees of freedom, while the factor in the braket
determines the photon spectrum p0(~p ). The condition (23) implies that
lim
~p→0
p0(~p ) = 0 , (32)
i.e. a photon is a massless excitation.
On the other hand we have an identity
lim
p→0
∫
d3x eipx∂xρ 〈T[M0jρ(x)F0k(0)] 〉 = iǫjk〈F12(0) 〉 . (33)
Here Mµνρ = xµT νρ − xνT µρ where T µν is the symmetric energy-momentum tensor.
M0j =
∫
d2xM0j0 generates a Lorentz boost. (33) implies that a dynamically generated
B=−〈F12 〉6=0 must accompany a massless excitation which couples to M0jρ and F0k. It
is nothing but a photon. Its massless nature, (32), is guaranteed by the Nambu-Goldstone
theorem associated with the spontaneous breaking of the Lorentz invariance. Consequently
the relation (23) should acquire no higher order corrections.12
Under a Lorentz boost the new vacuum is transformed into a state with B 6=0 and F0j 6=0.
The transformed state has a higher energy, being unstable against pair creation. There is
no degeneracy associated with the spontaneous symmetry breaking. The Nambu-Goldstone
boson is a vector, but not a scalar.
In this paper we have shown that the Lorentz invariance is spontaneously broken in
a wide class of models by dynamical generation of a magnetic field. We have considered
only integer filling (ν=0 or 1), in which case the mechanism works only for a quantized
bare Chern-Simons coefficient. For a general value of the coefficient, one needs to consider
fermion states of fractional filling. This, with applications to non-relativistic systems, will
be discussed separately.
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